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H-Theorem for the Enskog
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(Received February 12, 1976)

An H functional of the single particle distribution function governed by the Enskog kinetic
equation is suggested. We show its monotonic temporal behaviour from situations near the
local equilibrium state.

1 INTRODUCTION

In 1921 Enskog proposed a modified form of the Boltzmann equation for a
dense system of rigid spherical molecules, based on intuitive arguments. ! 2
The importance of this model is nowadays well recognized. It was the first
one to predict a density dependence of the transport properties of a dense
gas. Despite its simplicity, values of the transport properties obtained are
compared favourably with those derived from the more rigorously based
equation of Choh and Uhlenbeck. 34

The approach to equilibrium of the hard spheres gas model described by
the Enskog equation remains an open problem. No H-theorem, one of the
great successes of the Boltzmann equation has been established to our
knowledge, as it has proved very difficult to extend Boltzmann’s ideas be-
yond the case of a dilute gas.> Moreover serious difficulties remain at the
conceptual level: even for a dilute gas, Boltzmann’s statistical definition of
entropy applies only for certain initial conditions, and for a particular class
of collision mechanism.$

Recently Prigogine and coworkers reexamined the origin of irreversibility
in statistical mechanics in terms of generalized H-theorem based on the con-
cept of symmetry breaking as a dissipative condition.%” They have pointed
out that if we expect the second law of thermodynamics to be valid what-
ever the initial state of the system, entropy has obviously to depend generally
on all dynamic variables of the system.® Several models have been studied.®
We have studied in a first paper, which we refer to as paper I, the time

tPresent address: Service de Radioastronomie Spatiale — Observatoire de Meudon, 92190
Meudon, France.
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evolution of the moderately dense hard spheres gas.!? Our results confirm
all the features of this general theory of irreversibility.

The object of this paper is to study the time evolution of the hard spheres
gas in terms of the Enkog kinetic equation. In Section 2, collisional transport
properties are established for the collision operator. Then the Boltzmann’s
H functional is discussed. In Section 3, we suggest an H functional for hard
spheres system. Sections 4 and 5 are devoted to the calculation of collisional
contributions in terms of local quantities. In Section 6, we derive the correct
monotonic behaviour of the H functional. These results are discussed in
Section 7.

2 THE ENSKOG KINETIC EQUATION AND THE
BOLTZMANN’S FUNCTIONAL

The Enskog kinetic equation has a form similar to the Boltzmann equation
in the inhomogeneous case, but in the binary collision operator the dimen-
sion of the molecules is considered, and a factor Y which increases the
probability of a collision is postulated.?:!! The kinetic equation reads there-
fore:

of 2. . 1
Gthwai=o ffdvzdrzdkglz k(Y@ + 3ok)

1 .
f(vi, ry; OF(v5, 1y 8@y, — ok) — Y(r — EOk)f(vla r; Of(vy, 15 1)8(ry, + ok))

)

where the relative velocity of the particles of massequalto lisgy, = v, — vy,
k a unit vector along the line of centres of the colliding molecules from 1 to
2, o their diameter. The function f(v, ry; t) is the one particle distribution
function, and f(v}, r;; t) is its value before the collision, the effect of which
is considered. The factor Y is evaluated at the point where the two molecules
actually collide. It has the same form as the equilibrium radial distribution
function evaluated as a function of the local density n(r):!%!13

Y(r) = Gno?)"'(B’ + n(r)c’ + n’(r)D’ + --1) 2

where B’, C’, D' are linked to the virial coefficients, and defined by the
relations!!

B' = _%fdru(c—l“’u -1
¢ = —4 ff drndry e - e - e - 1)

D' = *iff drjpdrydry, - 3)
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Let us recall that the virial coefficients for rigid spheres are temperature-
independent and are probably all positive.'!

As is apparent from paper I, we can define two new operators by the
inversion of the velocities in the collision operator of the Eq. (1). One of
these operators, denoted by O3,, will be symmetric in the velocities, the
second O, will be antisymmetric. We have:

Oh=to? [ | kg kY0 + 4ok)[An®) - 1)86 - ok)

tiorf | dkgn kY - o0[Ap®) - sln + k) @)
and
Of =40 [ |, dkegu kYl + bo)[An() + 11503 - k)
- i’ k>0 dk g, k Y(r, — $ok)[A,(K) + 1]8(r; + ok) %)

where the operator A;;(k) is such that
Ap @)V, 1 OF(v2, 125 ) = (v, 1y (V3,125 1)
vi=V, +gnkk (6)
V3=V, ~ gpo- kk
In the following g,k will be assumed to be >0, unless otherwise, stated.
Then the Enskog kinetic equation takes the simple form

af 2
e ffdv2dr2(0,52 + OBy, 115 (v, T3 1) )

To establish an H-theorem we must first write alternative forms of the
collisional specific molecular properties. Consider the molecular property
(v, ry; t) and the integral expression

jdr,drzdvldvzqz(v,, r; (03, + OB)f(v), 1y )I(vy, 15 1) ®)
In appendix I we demonstrate relations which express the collisional pro-
perty of @(vy, r;; t) alternatively as functions of p(¥{, ry; t), p(v, 12; t)and

(v}, 12; t). With the relations (I. 5) and (L. 13) of appendix I, the collisional
integral due to Of, of the molecular property ¢(v,, r,; t) becomes

fdrldi'zd"l dvy0(v1, 115 YOR (Y, 15 )f (¥, 15 1)
= }f dr,dr,dv,dv, [4p(v,, r;t) + e(vy, 1y t)

= o(v), 1153 1) = (V3. 125 O] OB f (v, 15 )f (v, 15 1) )
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We can, in a similar way, using expressions A, B, C, D of appendix ], estab-
lish the contribution of the operator O to integral collisional properties.
The result is straightforward and is

[ dr,dry dvidvy o0y 113 0 OB £(r 11 DT, 1231)
= }Idr, drydv dv,[@(v,, 15 1) + o(vy, 1y5 )
— o(v}, 113 1) = 9(¥,, 13 D] OB F (v, 1y (v, 15 t) (10)

The concept of entropy has been generalized to non uniform and non
stationary states, and for a dilute gas has the statistical definition, (with kg
the Boltzmann constant)

S = —knffdrldv, f(v,, ry; t)[log f(v,, ry5t) — 1] (1)

The H-theorem which shows for a gas not in steady state that the quantity
S never decreases, is a derivation of the second thermodynamic law which
states that entropy cannot diminish.

Consider the Boltzmann functional given by:

Hy = fdr,dv,f(v,,rl;t)log f(vy, 15 1) (12)

To study the behaviour of Hy in time we assume that the gas is at rest in
a smooth vessel, and not subject to any exterior force. We obtain with
fd) = f(vi, ry3t)

%Ho - f_fdr, dv, (1 + log f(l))%f(l) (13)

We substitute Z—{from the Enskog Eq. (1) which gives

2y = [ an [ f drydvan + 1og 1)(OF, + OB @
~ fana + 108 f(l))v,~5%f(l)] (14)

The second term becomes, on transformation by Green’s theorem a surface
integral. For a smooth vessel, the contribution from this term vanishes.?
We establish now, in a direct manner, from the alternative expressions
for transport properties of the collisional operator given by Egs. (9), (10),
that the contribution due to the operator O%, in Eq. (14)is linked to a source
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of entropy production. We define it as:

~k'P = f dr, dr, dv, dv,(1 + log f(1)) O%, f(1)f(2)

f(v, 1 Of(vy, 1y + ok )
f(vi, 1 0f(v;, r + ok;t)
X [f0v], vy F(vs, 1) + ok;t) — f(v, rp; OF (v, 1y + ok; )]

f(vy, 1y, )f(v,, 1 — ok t)
f(vi, r; Of(vy, r; — ok;t)

X [£(v,rp; F (95,1, — ok;t) — £(v), 15 Of(va, 1) — ok;t)] 15

= %02 f dr,dv,dv,dkg,,-k Y(r, + ok)log

+ %az J'dr, dv,dv,dkg,-k Y(r, — $ok)log

As is evident from this expression this term resembles the Boltzmann
equation, and for the same reasons as for Boltzmann’s H-theorem, we have
whatever the initial state of the system,

P>0 (16)

The contribution due to the antisymmetric operator Of, in Eq. (14) is
however,

Q = [ dr, dr,dv,dv,(1 + 1og £()) OB F(DFQ)
- -‘;—zfdr, dv, dv,dkg,, -k Y(r, + ;—ak)

(1 + log f(v;, ry; ) v, 1 OF (Vs 1 + ok t) + £(v,ry; )f (v, 1y + ok;t)]
- a—zfdrl dv,dv,dk g,k Y(r, — +ok)
2 2

X (1 + log f(vy, ry; O)F(¥i, vy OF(vs, 1y = ok t) + f(vy, 1y Of(vy, 1, — ok;1)]
17)

From the alternative expression for transport properties of the collisional
operator O, which we give in Eq. (10) we see that the above quantity,
Eq. (17), has no definite sign, and is not a well defined expression in terms of
macroscopic quantities such as density n, average velocity u, or temperature
T.

We remark also that whereas a local maxwellian distribution annuls the
entropy production in the Boltzmann H-theorem, it does not annul the
corresponding contributions due to the operators O7,and Of, in the Enskog
model (nor their sum).

In conclusion if one regards the Boltzmann equation as the description
of the state of an ideal gas out of equilibrium, then the Enskog kinetic
equation may be considered as an attempt to describe the non equilibrium
properties of a non ideal gas. Then, it is not surprising that the Boltzmann
H, functional is not adequate for the Enskog model. Consequently, in the
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definition of an H-functional we have to take into account the effects due
to finite size of the molecules. This is carried out in the next section.

3 H-FUNCTIONAL FOR A HARD SPHERES GAS

A basic equation in irreversible thermodynamics is the Gibbs relation.!4
The Gibbs relation states that the local entropy density in a non equilibrium
system is the same function of local energy and number densities as in
thermal equilibrium. The validity of the Gibbs relation from Boltzmann'’s
kinetic theory has been discussed by I. Prigogine, who has shown that the
fundamental Gibbs relation remains valid for a large class of irreversible
processes.!* This class includes the transport phenomena for which the
statistical distribution functions are defined near the local equilibrium.

The local entropy density has been discussed from the microscopic point
of view by E. G. D. Cohen et al.!¢ They have derived the entropy density
for a moderately dense gas up to O(v?) terms in the gradients, requiring
only that the O(v?) contributions to the single-particle and pair distribu-
tion functions are given by the local equilibrium distribution functions.

Let us write the expression for the entropy density in terms of reduced
distribution functions, derived for a system in thermal equilibrium by Green
and Nettleton, and replace the equilibrium distribution functions by their
non-equilibrium analogous.!-1®

ns = k,,fdvl f(v;,r ;1)1 — log f(v,,r;;t))
+ %k,, [ drsdv, vy, v m 123 0) — 11 0F O 150
— (v, vy, 1,1y ) log £5,(v,, ¥y, 1y, 1y s 1)/F (v, 1y s ) (v, 1y 5 1)
+ %ksfdrzdndv,dvzdv,[f,( TV

If we assume that the reduced correlation functions have the same functional
dependence on the single-particle distribution function as in local equi-
librium, as this is the Enskog hypothesis, we obtain for a hard spheres
system the simplified form

05 = kp f dv £, 100 — 108 11, 1,50)
1 - AV
+ EkaJ-drzdv,dvzf(vl,r,;t)f(vz,rz;t)(c T )]

+ ;—‘k,; fdrzdr, dv,dv,dvy, F(DF@)EB)(e PV — De™™o = DNe s~ 1) +....
(19)
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Since we are interested in physical situations near the local equilibrium
state, the single particle distribution functions vary slowly in space. We then
expand the position dependence appearing on the right hand side of Eq. (19)
around a fixed point which is obviously r,. This yields up to O(v?2)terms
in the Taylor expansion, where the virial coefficients do not depend on j
for a hard spheres gas (3 takes its value in r;):

ns = ks | dvf@,m;0[1 - log £, 13 1)

+ %kn.“drzdvn UATURFOIMUSSIOES FE aif(vz,r, O+
T
+ .- .](c'/’vu — I)

+ %knfdrzdndv, dvydvy £(v,, 115 O[F (Va1 OF (V3,15 8)

a a
+ £y, (¥, 1y 5 1) + f(vo, 15 )y —T(vy,r5t) + -
ar, ar,

+ ...](e‘ﬂvu - ])(c_ﬁvu — ])(c—pvn — ]) 4 .- (20)

By integration over r; with i # 1 the O(V) terms in Eq. (20) vanish, ' but
the O(v?) terms give a contribution. Thus the entropy density given by
Eq. (20) and written as ns = ns(n, T) + O(V?2)is the same function of the
density and the temperature as in thermal equilibrium up to terms of O(v 2).
The value of ns(n, T) is for a hard spheres gas!81?

5 (27[1( T)m n3 n4
= - ___B._. — 2 ' - ’ - ’ e
ns(n, T) k,,n(2 + In " kg(n‘ B’ + 7 C + 3 D' +..) @l

where n is the local density of the gas, T, the local temperature, and B/,
C’, D’ coefficients linked to the virial coefficients defined in Eq. (3). The
entropy density so defined depends on space and time only through its
dependence on n and T.

The expression on the entropy density in terms of singlet distribution
functions given in Eq. (20) suggest that one can define an H functional for
the hard spheres gas in the form

H = [[an[  av it ;0108 104,550
1 . . _pV
-3 f dry dv, dv, (v, 1 OF (W, 13 (P — 1)

- 3 [ dradry dv,dvadv 0, 1002, 123 D0 150 X

(e'ﬁvn —_ 1)(6"‘“’1: —_ 1)(e_pvn —_ l) + ...] (22)
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the space integration over dr; extending throughout the volume of the
vessel. Taking the time derivative of this expression we obtain from the

Enskog Eq. (1):

%’ti - f dr,dv, (1 + log f(1))[ f dr,dv, (0%, + OB)(DIER) + v, - airf(n)]
+ fdr,aé{[n(r, O, ;) B + nz—z(rl C + r;—2(rI D + -]
= [ar an 1 + 108 50 f dryav, 0% + OHIWIR)]
+ kg'fdr,div(nsku(r,;t) + J4)
+ fan 20600608 + T 0C + 20D+ 0] -
where

ns u(r,;t) = —kg fdv,uf(l)(log fa -1 24)

is a convective term, in whichu = f dv,v,f(1) is the mean velocity, and
3y = —k f dv, (v, - 0)IQH) Gog £1) - 1) (25)
represents a part of the entropy flux.
The third expression in Eq. (23), which we denote by R, is transformed
into

2 3 F)
R= [an@e;0B + 20500 + 20D+ 2060

+ fdr,n(r. ;OB + 0, ;)C + ni(r,;t)D’ + -~-)§—tn(r1;t) (26)
With the help of the continuity equation:?
%n(r, 1) + div(n(r, ;Du, ;1) = 0 %)
the expression R is transformed into
n? n’ .
R = —fdr,(n(r, OB+ ?(r, C + ?(r, ;D + -2 )div(n(r, ;tulr, ;t)
- fdr, n?(r;t)(B’ + n(r,;t)C’' + n’(r,;1) D' + ---)%-u(r, :1)

)

-—fdr,n(r, ;OB + n(r;;0)C + 0@ ;0D + - u(r ;) a—':)'--n(rl ;0 (28)
1
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The second term in the right hand side of Eq. (3) contains the factor Y
evaluated in r; (cf. Eq. (2)). We can also transform the third term in Eq.
(28) such that

~ [ dn o 0B+ REi0C + 200D + ) div (a0 u(e, )

- %na’f dr, Y(r,)n2(r, ;t)gi—-n(r, 1))
1
3 , , n? , ., n’
- fdrln(rl ﬂ)“("l;t)'a-[n(f];t)B + —2-(r,;t)C + T(r' s)D’ + -]
1
= - fdr, div[n(r,;tu(r,;t)(n(r, ;) B’ + l]72(r, C + 931(;] ;)D’ + -]
- %na’fdr, Y(r,)n?(r, ;t)a—'::-u(r,;t) = kg! fdrzdivnsvu(r, i)

- %no’f dr, Y(r,))n2(r, ;t)%- u(r,;t) (29)
where ns, is the interacting entropy density.
Substituting the value of R given by the Eq. (29) in Eq. (23) we obtain

7
—H
for 2t

= fdr,dr;dvldvz (1 + logf(1))[OF, + O/ T f(2)
+ kg! f dr,div[n(s, + s,)u(r;;t) + I, ]
- 2xd [an Y@@ ;o;:—l- a3 (30)

As we have demonstrated in the second section the symmetric operator
03, gives a non positive contribution to Eq (30), but we know nothing
about the contribution of the operator 012 in the general case of a given
distribution function. We will therefore consider the situation near local
equilibrium in the next section.

4 THE CONTRIBUTION DUE TO Of, NEAR LOCAL
EQUILIBRIUM

Let us recall that the Enskog equation may be solved by expanding the dis-
tribution function in a series such that

f) =80 + o8 + 6B + - @31
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in which f{ is the local equilibrium distribution function

v, = w(r;;0)

n -
10 = n(r, ;t) (..__1__)) ’ e 2pT0

anBT(I’I ;t

(32)

and ¢ {8} a linear function in the first derivatives in T, and the mean velocity
u.

The first approximation terms due to the antisymmetric operator Of,
in Eq. (30) are obtained by expanding Y, f(2), in power of ok by Taylor’s
theorem. Retaining only the first and third derivatives, we obtain res-
pectively

Q, = a’fdr,dv,dvzdkgu-kY(r,)(l + log £(1))
a2 a

(£, ry; )k - —1 (), 130 + £, 1)Kk - — f(v,,151)]
ar, or,

1 a
b1 f ar av, av, kg, - k- 2 Y ()0 + log (1) (33)

RGN BNER (LIS FI{ON )
and

s 1 P
Q, = "der, dv,dv,dkg,, - k {TE (k-a_n> 3Y(r, ) log £(1)

x [fa)f@") + (1) {Q)]
1

8 2 NP 2

+Ekk.—arl—ar,Y(r,)logf(l) [f(l )k ——arlf(2)+f(l)k _arlf(z)]
F] , . d 8 , . 9 9

+k- ;Y(rl)log £(1) [f(l )kk e £2) + f(l)kk.—ar] . f(Z)]

+2yaptogf) |10 (k-2 f@) + ) (k- 2-) 1@
3 3!’, al'1

Considering the inverse collision, the expression in Eq. (33) is transformed
into

(34)

f(l /]
Q = o [ dridv,dv,dkg,; - kY(r))log f((, ,))f(v,,n Ok AR
1 a f(1
+ :2-03 f dr,dv,dv,dk g, kk - a—rl-Y(r,)logf—((]T))f(vI (v, rp5t)  (35)

where

f(17) = f(vi,ry50)
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If we substitute into Eq. (35) the series for f(1), f(2) given by Eq. (31) we
obtain for Q,, Q; the series

Q=QP+Qf+ QP +
=QP + QP+ QP 4 ... (36)
with by definition

QP = a’fdr, dv, dv,dkg,, - k Y(r, )log “’f“’ik Ky
) ar,

+ %a’fdr‘ dv,dv,dkg,, - kk - LY(r,)logfﬂ iRz
or, 9

£

Qp = o fdr,dvldvzdkgu kY(r,)logf(') [rai.;ﬁkk 28
£0) ar,

+ fzf;k.i«ssus;)]
{0)

+o fdr,dv, dvsdk gy, kY (1)) (68 — ¢80 K- —fz)

+ %a3fdrl dv, dv,dk glz.kk-é—rl—Y(rl)log fgoif(lf 8@8 + ¢fz;)

+ %03 f dr, dv, dv,dk g, - kk - -m—]Y(r,)(AR — ¢tHIB1E

QP = %03 f dr, dv, dv,dk gy, - Kk - 5‘:—Y(r, ) log f—;l‘if(ﬁ (3
1
(+Be8 + 48 + 48)

to fdr,dv,dvzdkg,z kY(r,)logfﬁ[ﬂ%f’}k 8
+ 18k 2 1848) + fzma;k.i(fm)]
or, or,
03
+ 7fd.r, dv, dvzdkg,z.-kk-arilY(r, [ ® - ¢§n] RSB + ¢3)

+ o fdrdvdvy dig, kY () (68 - 485 [ff‘n%ﬂik.;f_d%
i

+ fik- ‘%(ff‘z’%;sig)]
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3
+ & f dr, dv, dv, dk g,z-kk-—a—Y(r,)[gﬁg; - ¢8z?>] ifeed
2 oy
+ aJJ'drl dv, dv,dk g, k Y(r,) [Afi - ¢§5’)] k- 5‘:4%
1
3 a 2 2
-z f dr, dv, dvzdkg,,-kk-.ér—lY(rl) [¢8§ - ¢8%] £ £
3
- ”?fdr,dv, dvzdl(gn-kY(r,)[ o8 - ,si."]f}‘?k gr—f“”
and
o & 8 ©
Q=T f dr, dv, dv,dk g,, - kkk e e Y 108 18

[f(‘?’ok . aifé% +f0k- ;—f%]

3} T
+ 2 f dr,dv, dv,dk g, kk- -2 Y(r,) log 1 | tkk : 2 2_¢ )
4 ar, T, o,
+ fOkk: _—f§°’]
r, or,

5 3
+ [ dr, dv, dvyd gy kY () log £ [d?% <k : ai) '8

T
3
¥ ff'.’;( "’> ff%]
ar,

4.1 The expression Q!

@GN

(%)

We have to evaluate the expression Q( given by the first expression in the

Eq. (37). It is transformed into

QY = o f dr, dv, dv,dkg,, kK Y(r,) fDEDK - a_fl_log(Y(r,)f{%f&'%) (39)

or after substituting the values of f B, £& and integrating over k andyv,

(cf. Ref. 2, Eqgs. (16, 32, 3, 4)).

QP = —4n0* [ drydv,n@r,) Y B 10g 18

[(vI —u)- —log (n?YT) + = <v ¢ -y 5)—log'l‘

T 2
2,(v; —u)(y, —m)_ 23 (v, —u)> S5\o
2 w0 —w). ( —w? S)o
"3 AT o ( 2T 3o "
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The integration over v, gives us the simple result

QP =3’ [ an ;0 YeE) vty @1

4.2 The expression Q"

The last term in the expression of Q{V) in Eq. (37) is identically zero as
we see it easily when using the definition conditions? of ¢ {}:

fdv, e =0
fdv, (v, - u)fg;ﬂ:; =0

f dv (v, — w? el = 0 42)
With the relation
£ @
1 7 _l 43
£ ) ®

and permuting the particles 1 and 2 in the first term of ng we obtain
then

QY = "73 f dr, div f dv, dv,dk g;,- kk Y(r,) log %fﬁ’ifﬁ%ml? +43)

__fdrldv,dvzdkgu KY@)k- —log 2‘2 R (sH + ¢§'3)
+ 0 [ ar dvdvdkg, kY@ ) (68 - $09) Bk —fi% (44)

Using the relation (43) in the second term of Eq. (44) and permuting the
particles 1 and 2 we obtain

Q== f dr, div f dv, dv,dk g;, - kk Y(r,)log fw; f<°§f§ #8 + ¢8)

. fdr,dv, dvydk gy, k Y(r, ) k- —log f?'); x {1 ¢

o S
+ o f dr, dv, dv, dk g,z-w(r,)[ﬂi} - }8%]&‘1’“-%1’8 (45)
1

From the relation (43) and the definition conditions of ¢fR given by Eq. (42)
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we have the simplification into

(73 .
Q=% f dr, div f dv,dv,dk g,,- kk Y(r,) log %fﬁ 13 (8 + 48)

- a3fdr, dv, dv,dkg,, - k Y(r,)k-arilog 12 x 1018 48
I
- o far dv dvdkgn x YG) o8 K- 218 (46)
i

Invoking the inverse collision in the second term of the above expression
we obtain

Q=2 f dr, div fdv, dv,dk g, - kk Y(r,) log :(‘;f)
X fB 3 (38 + ¢83) 47)
The calculation of this quantity gives us

QM = &J—der,divfdv, dv,dk g, -k Y(r,)

S [UELSIUED TP T “8)

From Ref. 2 Eqgs. (16, 42, 1) and Egs. (16.8, 9) the integration over k is
easily performed, we have

QW = mfdr, dwfdv,n(r,)Y(r,)w-—u)fg’; A

- k' f dr, dw( m)

= k' dr,divI (49)

where Js(3I represents a part of the entropy flux and

[1)]
an = v’ 02E) Y()0, — Wiy, —u) = fro’nYel (50)

is the first part of the collisional transport of energy to first approximation;
q," being the first order approximation to the transport of energy by mole-
cular motion.
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4.3 The expressions Q% and Q"

The third term Q ,(z) in Eq. (37) can be simplified. After some algebra which
we develop in appendix II it takes the form

QY = k3 f dr, div 3

(0) .(0)

fdr, dv,dv,dk g, - kk- —Y(r. [¢El; - ¢El)]fa) f@ (¢53 + ¢§3)

+ 0 _fdr,dv, dv,dk g,k Y, 60 — s8] D 4Bk 2
ar,

8+ 1B 268 o8]
3 2 2
=2 [ ar av, o dkg,z.n%m[yss; - o] B8

-2 Janavavdkes-k v - 4B]B 218 on

@
where J3, = S,IVIT represents a second order part in O(v?) of the entropy
flux in which

@
W = i) YE)0 - uP ) = dro'nYe”  (52)

is the first part of the collisional transport of energy to second approxima-
tion.

The last three terms in Eq. (51) have no macroscopic meaning and cannot
be put under the form of the divergence of an expression. This point will be
discussed in the conclusions.

Let us remark that the quantity Q§°) is expressed in terms of the local
equilibrium distribution functions and then contnbute when the system has
reached its local equilibrium state. It gives as Q, terms of O(v?) order.

5 LOCAL FORM OF THE CONTRIBUTIONS DUE TO THE
SYMMETRIC OPERATOR Of,

In Section 2 we have demonstrated that when considering a closed system,
the contribution due to the symmetric operator Of, in Eq. (14) is <0and
resembles an entropy production whatever the state of the system. But it
does not give the form of the local entropy production.

Let us then calculate the local contributions due to Of, in Eq. (30). By
developing the collisional operator O$, in function of ok, we obtain adecom-
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position of the expression
AH = & f dr, dr, dv, dv, (1 + log (1)) O% f(1)£(2) (53)
in a series of even terms in o
AH = AH; + AH, + 4H, + --- (54)
with
aH, = [ dr,av, (1 + 108 FO), (55)
and I, given by the collisional integrals
b= o ff ndkga-k Y0 10970 - 1))

o nek. @ 8 e R
4 F e D ey a
+ ‘;—f dv,dkg,,-kk- F’Y(r,)[f(l N Hf(z y — f()k- Em{l

4
+ 5 [fomakga ik 2  vey [f(l')f(z') - i)

14="6ff"‘ (56)

We notice that I has a form similar to the Boltzmann collisional operator.
It gives a local contribution to AH, under the well known form, such that
we have immediately AHy < 0 whatever the state of the system given by
Eq. (31), that is

£(1)£(2")
1D Q)

AH, = — ‘;—‘ f dr, dv, dv, dk g, - k Y(r,) log [f(l')f(Z’) - f(l)f(z)]
(57

The contributions of I,, I4to AH,, AH respectively are more complicated
to analyse. Nevertheless let us introduce the development of f given by
Eq. (31) in I, and also in AH;. We obtain successively.

5.1 The expression AHY
It is

sHY” = ffd"l dv, (1 + log B 1"

4
= %J‘d’l dv,dv,dkg;,-k Y(r,) log 0
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0) 0)
[f 1kk é—me - f:gkk ———f(g;]

+ < f dr, dv, dv,dk g, - kk - Y(r,)log £

X [f%k-%fg) k- —f%] (58)

This contribution can be transformed as in the case of invariant of collision
(cf. Ref. (11), §9.3). We get then O(Vv?) terms in the gradients:

ap? -2 f dr, div f v, dvy Ak g Kk Y0 log - f“;

©
x {1 k- ilogfi:):-
n e

4 {0

- Z-fdr, dv,dv,dk g, -k Y(r])k-ilog@
‘ o )

x B8k Log fﬁg (59)
f

On carrying out the integrations the first term in Eq. (59) gives a contribution
which as the form of the divergence of an entropy flux, the second of an

entropy production.
cw @
]

aH," = -ka'fdn{ !

+ %(2 u(r,,t)) —u(rl,t) + c'w; T- %T}
= k5! fdr [de,‘é’z + Tl)-a‘%u +"—T‘('l§)- ;lT] (60)
where by definitions we have (see Ref. 2, §16.4)
¢, = ikg
w = §n20*n?Y (kg T)"? (61)
2
€= gl—u is the rate of shear of the velocity gradient tensor aa‘ —u; U=ii+

ji + kk is the unit tensor and Jg’)z = q,l‘_'2 is a part of the entropy flux in which
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aw = %Y f dv, dv, dkeg,; - [(Vi ~uf - (¥ ~ “)] itk —l gfﬁﬁi ©2)
f@

is a second part of the collisional transport of energy to first approximation.

[0}

o -' d f«l,;
P2 =g dev, dv,dkg,,- kk [(vl —u)— (¥ — u) £ k- F]og—(— (63)
i

0
f Ezg

is a second part of the collisional transport of momentum to first approxi-
mation.

In appendix III we have shown that the second term in Eq. (59) is negative.
It is linked to the entropy production as we can see it in Eq. (60).

5.2 THE NEXT ORDER TERM

To next order of approximation in AH, we obtain O(¥ 3)terms contained in
AH such that

AHj" = f f dr,dv, (1 + log f) L + f f ardv s (64)

After some algebra we obtain from appendix 1v

@

@ 2 Pv: @
AH? = k3! fdr. [dlv(Jm)+ T+ B u]

+ 2 fdrl dv, dvydkgy, -k Y(r,) £ 68 kk iaifw’o
]

4
+ & f dr, dv, vy dk g, - kk - 2-Y(r,) £ 6B k- —f‘°’ (65)
2 ory

Then we see that AH§” gives a contribution to the entropy flux and to the
entropy production, but the last two terms in Eq. (65) have no macroscopic
meaning.

The next order terms in AH, will be obtained in a similar way. As we limit
our analyse to the third approximation in f(1), we have all the terms required
for the entropy production and flux to O(v?) order.

6 THE H-THEOREM

As we have shown in paragraphs 4 and 5 all the contributions calculated at
O(v?) have a macroscopic meaning but this is no longer true at O(v?3).

Then let us consider first the contributions at O(v2)in a%H

In order to do that we substitute the contributions due to Of, in Eq. (30)
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by AH, and AH}” those of Of in Eq. (30) by Q,” and Q3”. Considering the
explicit form of AH;; given by the Eq. (60) we can write:

EYH = ffdr, dv, (1 + log fm) 1,

(O]
fdr,[ dv,(l+logt’u))l2 —kB‘dv(T)]

+ k3! fdr, div[nsu + Jy + Jy, + Jivo) (66)

where

ffdr, dv, (1 + log fm)l, + fdr, Udv, (1 + log f{) LY

m
- kg’div(_,‘;,vz)] <0 67

is linked to an entropy production.
In fact the validity of the H-theorem is limited to the class of states for
which the distribution function is defined under the form

for = 10 (1 + ¢3) (68)

where () ¢8§ is the second Chapman-Enskog approximation to f(1).

For situations far from local equilibrium states we will have to take into
account O(v?) terms in the contributions of the antisymmetric operator
O%,. We will have also to define a new H-functional because the quantity H

deﬁncd in Eq. (22) is inadequate at O(V3) terms to take the form

I’] _ _ .
ZH= kP4 k! [ drdiv, (69)

with P 2 0 the entropy production and J; linked to an entropy flux. This is
still an open problem which has to be linked to the need of a general condi-
tion of dissipativity.’

We conclude that for a closed system the H-functional can only decrease
in the course of time;:

6H
=0 (70)

and in fact H must approach a limit as the time tends to infinity. When the
state of the gas is steady, so that af = 0and — aH = 0, this implies that first

AHg = 0. Consequently log f must bc a summatlonal invariant for the col-
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lisional integral 1. From the Boltzmann classical result we have

_ o 1 LTI T
f(l) = f(l; = n(f])(im) € (71)
because the gas is supposed to be at rest.

Secondly we must have also AHz(o) = 0, that is for f{3 evaluated in r, we
must have from Eq. (IIL.3) of the appendix III:

(0) ©
] fay 3 fa9
k-——log—= = k- - log ~=* 72
Uty g "

It is easy to see that T(r,) must be independent of r,, and that this implies
I, = 0. We shall have

32 ——
(0 = £, = n(r.)(ﬁ) e 8T (73)
B

The Enskog equation (in the order approximation considered) reduces to

.9 oy = 207 . .9
"ty =20 f vy degy -k Yo k- -

+o [ a, dhgy Kk Y@ o (714)

from which an equation for n(r,) is obtained

a
V]‘-a—rT

The function f.q with n(r;) satisfying Eq. (75) will be called an equilibrium
state.!® But as the virial coefficients for rigid spheres are probably all posi-
tive!! this implies that n is necessary independent on r,. Then the equi-
librium state is the uniform state of the usual form of Maxwell’s distribution
function.

@) + %na’Ynz(r,)) =0 (75)

7 CONCLUDING REMARKS

The fundamental problem of irreversible statistical mechanics is to describe
how dynamic systems are driven to equilibrium. Boltzmann’s H-theorem has
proved to be impossible to extend to dense system, but as we know his H-
theorem requires strong assumptions about the initial preparation of the
system. Then, the failure to extend it is not so surprising.

Nevertheless it is possible, on the basis of the Enskog kinetic equation,
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to obtain an H-theorem for a dense gas and for the class of states near local
equilibrium.

For situations far from local equilibrium we have shown the impossibility
to put O(v?) order terms as entropy source strength or entropy flux. For
such situations the H-functional has to be modified i in the interacting entropy
term. But these new terms W1ll be associated to Q3 as they contribute in
local equilibrium. Then in Ql we have from Eq. (51) terms which have no
definite sign and which cannot be put under the form of a divergent flux.

In the non linear range of the thermodynamics theory of irreversible
processes it is then impossible to get an H-functional in terms of reduced
distribution function. This problem remains an open question which has to
be linked to the need of a general condition of dissipativity whatever the
initial state of the system.'0

Our results can be extended directly to hard disks models, ! as well as to
the modified Enskog equation for simple gas proposed by H. Van Beijeren
and M. H. Ernst.!3 The case of mixtures will be discussed in a further paper.
They also may be applied to Enskog-Vlasov or Enskog-Fokker Planck
equations, where the Vlasov term does not contain dissipativity.20.?!
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Appendix |

Consider the molecular property ¢(v,, r;; t) and the integral expression

A =J; 0 dr,dv,dv,dk g, -ke(v,, r; ) Y(r, + }ok)

x f(vi, r; Of(¥, 1 + ok;t) 1.n

Dynamical reversibility imposes that this expression, evaluated on direct
encounters specified by (v,, v, k), be equivalent to a summation over all
possible inverse encounters specified by (v{, v5, — k). Hence the integral A
becomes equal to

A= J o dndv,dvdkgs ko(h 1 D Y(, ~ bok)

X f(vy, £ ) f(vy, 1 — ok;t) 1.2)
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Using the same arguments, the next quantity B, is transformed succes-
sively into

B = »[..-»o dr, dv, dv,dk g, - k o(¥,, 1,3 ) Y(r, + bok)
X f(v, r; O)f(v,, 1, + ok;t)
= [ o dndndvdke, kewi, ni 0 Y G, — hok)
x f(vf, ry; O f(vs, 1, — ok; t) a.3)
Combining relations (1.1), (I.2) and (1.3) it follows that
S o dndn dvdkgy ke, 0 Y + hok)
[f("f"'ﬁt)f('ﬁ,"l + ok;t) — f(v,r ;)f (v, 1, + d;‘)]
= far v v, dkgy kot m ;0 Y - dok)

[f(v],r ;0 F(v5, 1, — ak;t) = f(v,,r ;1) f(vy, 1, — ok;1)] (1.4)

This relation (1.4), with the similar one obtained changing k in —k gives an
interesting transformation of the collisional integral obtained from Of,,
that is

[ ar, dry dv,av; o(r,, 13008 £, 1 301130
=1} fd'x dr,dv, dv, [@(v,,ry5t) — o(v), 13 0)]OR F(v), 1y )f (v, 155 1)  (1.5)

Now in the expression A given by (I.1), consider the transformation of
the variables (v, v;) to (v5, vy), then (v{, v4) must be changed to (v, v{ ) (this
result is evident from the velocity transformation operator given by Eq. (6)).
Then we have successively

C= dr,dv,dv,dk g, -k o(v,,r;0) Y(r, + 40k) X £(v], 1, ;O)f (v, 1y + okst)

g, k>0
= — £,,~k<o dr, dv, dv,dk g,k o(v,,7; ) Y(r, + $0k)
X f(v,r ; )f(vs, 1, + ok;t) (1.6)
This becomes, after transforming the integration on the space g;;-k > 0,
C= ;,,bodr‘ dv,dv,dk g, -k o(v,, r ;) Y(r, — dok)f(vy,r ;O)f(v], 1, — ok;t)

= f,u.bod"dv'dv’ dkg,-ke(v,,r, + ok;t)Y(r, + $0k)

f(V{,I’l ;t)f(v{1r] + Uk;!) (1‘7)
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When making the summation over the inverse encounter the quantity C is
C= f 50 dr,dv,dv,dk g, -k (v, 1, — ok;t)Y(r; — iok)
€12°

X f(vl: r ;t)f(VZ:ra - O'k;t) (1.8)

Using the same arguments as in transforming the expression C, when making
the inversion of variables on (v}, v,), the next quantity denoted by D, trans-
forms into

D= j; o dndvidvadkg, ko, ;) Y(r + jok)

o ry003. 1 + ak;)
= [ o drudndndkg, Kolnn + oki) YG, + bok)

fv;,r;0f(, 1 + ok;t) 1.9

This may also be written, when considering the inverse collision, as
D = k>0 dl'l dvl dedkglz'kq)(V£,rl - Uk;t)Y(r] —_ io’k)
f(v, (s, 1 — ok;t) 1.10)

Combining the relations (I.7) and (I.9) (and remembering that similar
relations can be obtained by changing k into —K), we get the next property
for O%, that is

fdrl drydv, dv, g(v;, 1y ;0O £(vy, 1y ;1) f(¥;, 155 1)
= fdrl dr, dv, dv, ¢(v,,1,; ) O £(v,, 1 ; 1) (¥, 155 1) {d.11)
From (1.8) and (I.10) we obtain yet another property, that is
fdri dr, dv, dv, @(v;, 1, ;) OF, £(v;, 1y ;) (v, 155 )
=~ fdrl dr,dv, dv, (¥, ;) O% £ (v, 1 s ) f (v, 15 1) 1.12)

With the relations (I.11) and (I.12) we obtain a new relation which expresses
the collisional property ¢(vy, ry; t) due to Of, alternatively as a function of

9(v2,¥2;t) and p(v3,r2t)
fdrl dr, dv, dv, @(v,, 1, ;1) OF £ (v ;1 ;1) F(vo, 15 5t)

= ’f dr, drydv, dv, [?(Vz,l'z;t) - ?(Vﬁyl'z;t)] O f(vy, 1y (¥, 15 1) (1.13)
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Appendix |l
When using the identity £ f& = £} £ the quantity Q{?) given by the

Eq. (37) is simplified into:

Q* =7 f dr, dv, dv, dk g, - kk - -—Y(r,)log 1 ¢ 5 1) 13
f(m

X (8 63 + 8 + ¢8)

+c _f dr,dv,dv,dkg,,- kY(r,)logfg; [f<°§ ¢8 k-aifg

T

18k 26848) + 1848 k- 2248 >]
ar, or,
+ f dr, dv, dv,dk g, - kk - —Y(rl [ m] 1R53 (38 + ¢8)

+o fanay, dvzdkgu-kY(k)(AB—¢§x'%)[f%‘:’{¢8k 248 + k. ——]

N

+ o f dr,dv,dv,dkg,, - k Y(r,) [¢2f§ - ¢§1’%] fu;k-gr—fg
e fdr, dv, dv,dk g,, - kk - —-—Y(r, [¢ 8 - ¢8’]f(°}f‘°’
-2 f dr, dv, dvzdkgn-kY(r,)[An! ~ ¢$:’%] K- —fﬁ% (1)

The two first terms can be transformed as in the case of Q(‘) and the fifth
one simplified by integration on v,. We obtain

@)
QP = k5! f dr, div [q}' ]

- "?3 J' dr, dv, dv,dkg,, - kk - log fg,; Y(r,)[fé‘.’i,tiﬂf%‘z’%
+ i ERfi%,th) + fmf%zw %zi]

+ "73 f dr, dv, dv, dk g, - kk- 2 Y(r,) [¢8 - ¢(.{l D368 + 48)
or,
+ o fdn dv, dv,dk g - kY (@, ) — o) [ 0Bk 263 4 13k 2
o, ar,
(f%%¢8)]

—q f dr, dv, dv, dk g, - kY (r,) pA0 K - ; 2.3
T
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3 2 2
_a f dr,dv,dvydk g, kk- 2y (o8 - o8 (263
4 o,

3 2 7
-2 [ arydv v dg kY@ [,mz - ¢s>>]fa’;k. arilfg

By definition
0§ = 30°Y [ dvdv kg, kk [(v; —u- - u)Z]fé?%fé%mfi +

6863 + 48

95

(11.2)

(1L3)

is a first part of the collisional transport of energy to second approxima-

tion.
This can also be written under the form

@)
QP = k' [ dr div[qT“]

3 @
= & [ drydv,dv; dkg,-kk- 2 10g v () e By BB

2 SR
©
2
+ o f drydv v, gy k- L tog %%Y(rl)ffgf% @

L f dr,dv,dk g, kk- 2-Y(r,) [¢8§ - ¢8%]f%?§f8(¢8§ + ¢3)
2 ar,

+ 0 [dr dvidvdkg, kY@E)($8 - o)
[fz?a¢s:;k. 218+ 18- a%(f%ﬂ%):l
- f dr, dv, dvzdkgn-kY(rl),,sa’%ff?%k.Er"—ff‘z”)

1

3 8 2 bl
- %- f dr, dv, dv,dk gu-kk-;rTY(rl)[AB ~ ¢8%]f{?§f8

3 2 i)
- Z [ drydvdv,dk gk Y(E) [¢¥3 - ¢8%]f%?§k--"—f2% (11.4)
2 or,

By integration over v, and v, the second term in Eq. (11.4) does not contri-
bute. The third is compensated by the sixth one. The other terms can also

be simplified by integration over v; and v,. The final result is
) [q®
QP = k! f dr, div [%‘]

+ 2 [ dr dv dvy gy k- LY ) [¢s:; - ¢é=a}f8;fs%<¢s; + 48
2 or,
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+ o3fdr,dv| dv,dkgu-kY(r,)(¢8; - ¢8)0)
[n.,,z'zk 218+ 1t _<f<°>¢izz>]
3
_ s;_ [ ar,dvydvyakg, -k %Y(,,)[¢s,z _ ,sﬂf 1S

3 2
- %fdr, dv,dv,dkg,, -k Y(r,) [¢ER - ¢&'%]r?.’§k- ar_]f{‘z’% a1.5)

Appendix I

Consider the expression

AHY = -_J'dr,dv, dv,dkg,, K Y(r,)k- —]og f‘%f“’ifﬁ%
xR
k2 10g 18 (IL1)
il

When considering the inverse collision, this is written under the form

AHY = ——fdr,dv,dvzdllg12 kY(@r)k- ——log f(O;f(l)f(z)
i
/] f(l) [/ foy
k- —log— — k- —1log (I11.2)
[ o LG f%”o]

and permuting the particles 1 and 2 this is also
4
AHY = —% fdr, dv,dv,dk g, K Y(r,) fD (3

0) [ 0)
ke Liog By 2 1og 18| [} 20, 18y 0, 10
o, £ or, O ) T rl f}z)

= — ';L;fdrldvldVdeglz - kY(rl)fgl;fg;

©) 0),
koL og B 4. 24 f‘::] ke L iogEB _y. 9 00 f“?]
or, f(z) or, f(m or f§2) ory f& {11.3)

This expression is seen directly to be «O.
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Appendix IV

We have explicitly

4
AH{) = 22- f dr,dv,dv,dkg,, - kY(r,)(1 + log f )

©) e 0 0) 1 (0) 8 @0 O
forkk: -2 (f —fkk: -2
[ a or o, 3) ¢8}) it P faé 8)]

© (D a 0 ,©@ (1) 1 d @ O

f kk: -2 2 )~ f kk: 22
+ lj m¢§n o, or, @ (M&} 7r o, f(z)J]
+ Zif dr,dv, dv,dkgp, - kk - 2-Y(r,)(1 + log £ )

2 ar,
[fs%k._f’_<fssz¢8a>_fé?;k.i(fzsz¢23>]

ary or,

. [fw%k.Lfssz_f?:m:ak.ifsg;]]
or, ar,

4 d 4 ©)
+ % f drldvldvzdkgu-kkk:aTla_;Y(r,)(l +log f )

1
[fg%fsw_ fz‘:;fm] + [fsra¢s>,f&'a _fzmz:;fg;]

+ ﬂfdrl dv,dv,dk g, kY(r) ¢ 8 [f%?%kk:i-a—f&’%— ff‘n’ikk:iiff‘z’}]
2 ar, ar, or, or,

‘ 8 M0 3,0
+ -‘;—-fdl‘l dV, dedkgu'kk' é—rTY(rl)¢(l [f(]')k'a—rl-fﬂ’)

L@ 4 @
f Bk a—rlf(z)] av.n
The two first terms can be transformed as the similar terms appearing in
AHQ (cf. Ref. (11), § 9.3). They give similar contributions to the third
order in O(V). The third term in Eq. (IV.1) is identically zero. The last two
terms can be simplified, but it is shown that they have no macroscopic
meaning:
Q @

oyl . Qv by, @ 98 @
AHY = k; fdr,dw ok kg T

\ .
+ ”—f dr,dv,dv,dkg,, -k Y(r,) ¢ B Dkk - —a—if%
2 or, or,

4 0 Y] 0)
+ 2 [ dravdv,dkgy, - kk - 2 Y @) ¢ &3 Dk - Eaﬁf & av2)
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with by definition

q‘(,zz’_—derldvzdkgu kk [(v, —w)?- @, —u)]

BBl oo _logf§§+fz?;f8; [k _(u.m;_f%szz)]
(
(Iv.3)

is a second part of the collisional transport of energy to second approxima-
tion

Pv2 =—dev,dv2dkg,2 - kk [(vl - =M —0)}
{f%‘.’%f%‘%’)¢i'§+¢8>k _log“"+f<°3fmk —(fu>¢<z)—f<z>¢ )’
N

ava)
is a second part of the collisional transport of momentum to second
approximation.
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